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Abstract :

For the one-dimensional, two-phase, inverse
linear Stefan problem, we expand a meshless
approach of basic solutions recently proposed
by the authors to the nonlinear case. This
latter scenario, which is more realistic from a
practical standpoint, likewise treats the free
surface as uncertain. A linear combination of
the basic solutions to the heat equation is
used to estimate the solution in each phase,
building on past research. Since one must deal
with a nonlinear minimization issue in the
current scenario in order to locate the free
surface, implementation and analysis are
more challenging. Additionally, the inverse
problem is poorly posed since even tiny
inaccuracies in the measured input data might
result in significant variations from the ideal
outcome.Consequently, regularization must
be included in the target function that is
reduced in order to arrive at a reliable
answer. Results from calculations are shown
and discussed.

1. Introduction

The two-phase direct Stefan problem requires
determining the temperature distribution and
the moving free interface when the initial and
boundary conditions, as well as the thermal

properties of the bi-material involved, are
known, see e.g. [19]. Under various boundary
conditions it was shown to be well-posed, see
[3,5,6]. In contrast to the direct problem,
inverse Stefan problems require determining
some initial temperature and/or boundary
conditions, and/or thermal properties from
additional information, which may involve the
partial knowledge of the free surface, the

temperature measured at some points inside
the medium or on the boundary, the heat
flux, etc., see [10]. In comparison to the
studies on the one-phase flow, the literature
on solving two-phase inverse Stefan problems
is much more scarce, see [1,17,20]. However,
these inverse design Stefan problems were
linear because in theirformulation the
position of the moving interface is considered
known. When the position of the moving
interface is unknown and also no temperature
or heat flux boundary conditions are specified
on a part of the boundary then one deals with
a nonlinear and ill-posed inverse Stefan
problem, see [11]. Although the uniqueness of
a solution in Holder spaces for such a class of
two-phase inverse nonlinear Stefan problems
holds, see [10,12], these problems are still ill-

18


mailto:jccpasha748@gmail.com

International Journal of Engineering Research & Informatics (IJERI) ISSN: 2348-6481

posed because there is no continuous
dependence of the solution on the input data.
The plan of the paper is as follows. In Section
2, we give the mathematical formulation of
the one-dimensional two-phase inverse
nonlinear Stefan problem and point out its ill-
posedness. In Section 3, we describe the
regularized numerical meshless method of
fundamental solutions (MFS) for constructing
a stable solution to the inverse problem.
Section 4 presents and discusses numerical
results obtained for some typical test
examples with and without noise included in
the input data. Finally, Section 5 presents
conclusions and possible future work.

2. Mathematical formulation

Vol.5, Issue No 1, 2025

Assume that the interface
st) € (0,1], fort € (0, 7], (21
and s(0) s given, and denote by
Or=1{(x.0 €0, x(0.T])
the two-phase rectangular domain (0, 1) (0, 7], which is subivided by the interface into the two subdomain

Dp=(nfeQr<xes) 1e0T],

D ={(x)€ Orloi < x <1, 10,7,

We investigate the inverse nonlinear two-phase one-dimensional Stefan problem which requires finding the triplet
solution (u}, 1, 5) € C:"iD'T] X CZ‘I(U;-) X (C(0, TN C', 7)), satisfying (2.1),the heat equations

W
—lzal%. l.\‘.néDI, (22)
o -
du i
(/3] b
— =)=, (.\;neD} (22h)
ot i
where ;>0 is the thermal diffusivity of the heat conductor D forn= 1, 2, the iniial conditions at =0
uM.r.OD:u?(.r}. 1e(0,s0)), (23a)
ugt\'.OD=ul:'(.l‘]. ve[s(0), 1, (23b)

the inferface Stefan conditions at x= (1)

uy(s(e),1) = wplste), ) = u*(0), re(0,7), (241)

: iy iy

5 ()= =Ky —(s(t).1)+ Ky—(s(0).0), t€(0,T], (24b)
dr dr

where K, =k,/(paL), and k,, py, L are the thermal conductivities, densities and latent heat, respectively, of D', (water)
and DIT (ice), and the Cauchy boundary conditions at =/
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Fig. 1. Skech ofthe two-phase invers nolincar Stefan problem (2. 1423,
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Remark that the fixed boundary x=1 1s overspecified because both Dirichlet and Neumann (i.e. Cauc
prescribed in (2.5) and (2.50), whilst the fixed boundary x= 0 is underspecified because no condition s p
it. Physical quantities of interest related to this hostile or inaccessible boundary are the temperature

u(0.0=filn, re.1],
the heat flux

0=, 1e0T
|ax{-)—gu(}. (0,71,

and the mass

sl
[ mlx.de=Er), 1€(0,T].
0

This diata can also be required to satisfy the compatibility conditions at the origin (x. £)= (0, (), namely

) dn? 0,
0=, =-h=l0, &0 J} s,

A sketch of the conditions in the two-phase inverse nonlinear Stefan problem is shown in Fig. |.

Sometimes, in practice, the measurement of both the boundary temperature (2.32) and the heat flux (2.
be easy and only one of this data may be available. In such a situation one could measure instead the upp
final time) internal temperature at t= T, namely

u(x,T)= u,T(x]‘ ve (7)),
e D=y, xelsT),]]

where s(T) & (0, /) is also given. However, it turns out, see [ 1], that this latter ‘upper base data (2.9)" iw
is more ill-posed than the former “Cauchy data (2.2 and 2.5b)" inverse problem because it can have m
solution, L. the solution is not unique. However, as we shall see below, the former problem can have
solution, i.¢. the solution is unique, though the problem is still ill-posed since small errars in the input d
cause large emmors in the output data (2.7). Therefore, in this study anly the inverse problem given by Eg:
will be imvestigated. This problem may be considered as a continuation problem of the solution of the pa
heat equation from the boundary x=. where the Cauchy data (2.32 and 2.3b)is given, into the domain ¢
be reinterpreted as a “hackward in space” inverse heat conduction problem with an “initial” transient b
[1§]. However, in contrast to the non-characteristic Cauchy problem, there is the unknown phase transi
boundary x = (1) in Or alsoto be determined and this essentially complicates the task of analytic contint

An initial attempt would be to split the two-phase inverse Stefan problem (2.1)-(2.6) into two proble
is the nonlinear inverse boundary determination problem for the pair (1, 5) satisfying equations (2.1, (.
(2.5aand 2.3b), (2.6) and

ulstn. ) =u'), el 1]
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with
s0) =4'0 )

The solution of this problem is umque see (0], even f the initial condition (2.3b) is not imposed, see [22]. Once
the boundary xr=(f) and the heat fx 2 (s{r] 1) have been determined, the second is the linear inverse problem for
determining the temperature | salleymg equations (2.2, (2.31),

gl 0 =00, 1€(0.7] 21
with

alis0) =°(0), (13)
and

—lﬁ%{sm‘:] =4()- Kzai&;(sm. 0 10T] (L14)

The solution of this problem is unique, see [4] even if the initial condition (2.34) is not imposed, see [14.21].
However, both the above problems are ill-posed since their solutions do not depend continuously on the input data.
Inorder to obtain stable solutions regularization is necessary and this involves choosing at least two regularization
parameters, one for each problem. Besides depending on the amount of noise in the input data they depend on each
othersince the first nonlinear ll-posed problem ha to be solved firstto provide the input for the second linearill-posed
problem. So, this two-parameter choice becomes complicated.

Therefore, it appears more usefl o solve the composite prablem (2.1)-(2.6) in one go for simultaneously deter-
mining the solution (1), iy, 5.

The problem s stil ll-posed but it can now be regularized by choosing 2 single regularization parameter for the
unknown temperafure fields. This combined approach has been used previously by the authors for simultaneously
determining a heat source and the iniia]temperature, see | 5], Finally, we will also investigate the case when the inital
conditions (2.3) and (2.30), together with the compatibility conditions (2.6a) and (2.6b), are not prescribed.

3. The method of fundamental solutions
We approximate the solutions (i, uy) of the heat equations (2.2a) and (2.2b) using the method of fundamental

solutions (MFS) for the unsteady heat conduction in composite layered materials, recently deeloped by the authors in
(7,16,17]. Inthe MFS, we approximate iy and uy by linear combinations of fundamental solutions of the heat equation

T L e T ol
R e ) |

where H s the Heaviside function, of the form

E Zc[ Gt »‘"’ n) (nedy n=12 (12

In expression (3.2), the source points (yif' J)forj= T M andn= 1, 2, reIocted otside te soluton domains FT
in the following way:

G j=im
-\'?]: Wy, j=00 130 (33
s, =010
bt sy, =10
=g, =L o
[+h, =D LA
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Fig. 2. Representation of the two-phase problem with domins D)}, and lf, unknown boundary data (x ), and source points (o) and (-
extemally to the domains D',‘ ind tr; respectively.

where  is & preassigned MFS positive parameter giving the distance between the source points and the bo
M=4M,,
- 1-2)7 J—
= G-1-2T j=T70,
M

1=ty for j=2My + 1AM, and sy = (g ) for j= T M), see Fig. 2 for a representation of the dr
boundaries and placement of source poins.
=1,

The 24 unknown coefficients ¢ = (c(f’)j:m and the M = MU4 discretization points s = (s)) =TT ofthew
free boundary have to be determined by collocating the conditions (2.3)-(2.6), as described next. Letus select au
distribution of collocation points given by

(Xi-nr T

0=0 =g = gl (=T

.
h:;n‘_g for i =01,

Ut] ks(0) i) Kl -0
= —_— =il0)+ ——, k=1K,
ARovii oy
and collocate equations (2.3)42.6) as follows:
u,,{xf’,ﬂj = uﬂ'(xfflj. k=T% a=12

uis, )=l p)=u'te), i=00,

i it ,
K=+ =G0 =<11) =
ix i

inll. 1) = filh), !n—{fn J=gilf), 1=0,M.

In total, via (3.2), Egs. (3.5)-(3.) form a system of (2K + 3, + 24 +4) equations with 94, unknowns (¢
general, we require fo have at least as many equations as unknowns and therefore we require

My 42K +426M), or My+ K +223M,.
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Note that this system is linear in ¢, but it is nonlinear in s. In addition, our inverse problem s ill-posed. Therefore,
we apply the nonlinear Tikhonov regularization method based on minimizing the non-linear regularized least-squares
functional

bl 1)
YK (M oMM
Fes)= ZZ Z‘"’G(\‘”O\""' 1)- uo(r'“) +Z Zc(“(‘l 8, l,,v rJ) (1)

n=lk=1\ j=1 i\ j=I

WM :

7 )

+Z Zcﬂ"(]g(s,. fiy _\‘5”. 1) =u'(h)

=0\ =1

M ; A

I /

+Z ;[ ac"'T 5yl ) \' T = ch”’—(s, iy r,)]—x(t,)

My L omely ;
Y Z"G»(l i o)- i) +Y Z"A»—u i) -gl)

=0\ =1 =0 \ j=1
+hlef 41 39)

where A1, Ay > 0 are regularization parameters which can be prescribed according to some criterion, e.g. the L-surface,
or, more simply, by trial and error. Note that in the last term of (3.9), for simplicity and in a first attempt, we have
imposed that 5 € C[0, T], but more regularity such as s € C*[0, 7] can also be imposed in order to get some stability
estimates.

Inimposing the flux boundary conditions (2.4b) and (2.5b) the x-partial derivative of (3.1) is needed, as given by

BG,,( ) (x=yH(t-1) ( (r-yP ) 12
—(xty1)= exp (- . =LY
ir 2\/4”",3,“‘”3 day(t-1)

The minimization of the functional (3.9) is performed using the MATLAB toolbox Isgnonlin which is designed to
minimize a sum of squares of arbitrary differentiable functions. The gradient does not need to be supplied by the user
and the simple bounds on the variables

legy=<l fori=1 M (310)

are also allowed.
The initial guess to start the iterative process is arbitrary and in this study we take ¢” =0 and 8" =5(0)

4, Numerical results and discussion

In this section, we apply the MFS outlined in the previous section to the inverse two-phase nonlinear Stefan problem
(2.1)-(2.6). In the first two examples we have analytical solutions available and we also investigate for one of them
the case when the initial conditions (2.3a) and (2.3b) are not given. In the third example, an analytical solution is not
available. Previous experience with applying the MFS for the heat equation, [ 16.17], suggests that the MFS parameter
h should be not too small (which will result in less accurate approximations) nor too large (which will increase the
ill-conditioning of the system). In this section, the value of h, as well as the values of the regularization parameters
and 47, are chosen by trial and error. Nevertheless, more rigorous investigations on these choices should be undertaken
in a future work.

Conclusions

This work uses a regularized MFS to
investigate the one-dimensional two-phase
nonlinear inverse Stefan issue. The approach
has been demonstrated to be accurate,
consistent, and resilient for both precise and
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noisy data. Since this study conducts the first
numerical inquiry to resolve the inverse two-
phase nonlinear Stefan problem, there are
currently no results to compare our MFS with.
We point out that an alternative would be to
use the boundary The problem can be solved
using the element method, a potent and
effective numerical boundary discretization
technique.The MFS established in this study
will be expanded in future work to multi-
dimensional nonlinear Stefan issues.
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