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Abstract : 

For the one-dimensional, two-phase, inverse 

linear Stefan problem, we expand a meshless 

approach of basic solutions recently proposed 

by the authors to the nonlinear case. This 

latter scenario, which is more realistic from a 

practical standpoint, likewise treats the free 

surface as uncertain. A linear combination of 

the basic solutions to the heat equation is 

used to estimate the solution in each phase, 

building on past research. Since one must deal 

with a nonlinear minimization issue in the 

current scenario in order to locate the free 

surface, implementation and analysis are 

more challenging. Additionally, the inverse 

problem is poorly posed since even tiny 

inaccuracies in the measured input data might 

result in significant variations from the ideal 

outcome.Consequently, regularization must 

be included in the target function that is 

reduced in order to arrive at a reliable 

answer. Results from calculations are shown 

and discussed. 

 

1. Introduction  

The two-phase direct Stefan problem requires 

determining the temperature distribution and 

the moving free interface when the initial and 

boundary conditions, as well as the thermal 

properties of the bi-material involved, are 

known, see e.g. [19]. Under various boundary 

conditions it was shown to be well-posed, see 

[3,5,6]. In contrast to the direct problem, 

inverse Stefan problems require determining 

some initial temperature and/or boundary 

conditions, and/or thermal properties from 

additional information, which may involve the 

partial knowledge of the free surface, the  

 

 

temperature measured at some points inside 

the medium or on the boundary, the heat 

flux, etc., see [10]. In comparison to the 

studies on the one-phase flow, the literature 

on solving two-phase inverse Stefan problems 

is much more scarce, see [1,17,20]. However, 

these inverse design Stefan problems were 

linear because in theirformulation the 

position of the moving interface is considered 

known. When the position of the moving 

interface is unknown and also no temperature 

or heat flux boundary conditions are specified 

on a part of the boundary then one deals with 

a nonlinear and ill-posed inverse Stefan 

problem, see [11]. Although the uniqueness of 

a solution in Hölder spaces for such a class of 

two-phase inverse nonlinear Stefan problems 

holds, see [10,12], these problems are still ill-
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posed because there is no continuous 

dependence of the solution on the input data. 

The plan of the paper is as follows. In Section 

2, we give the mathematical formulation of 

the one-dimensional two-phase inverse 

nonlinear Stefan problem and point out its ill-

posedness. In Section 3, we describe the 

regularized numerical meshless method of 

fundamental solutions (MFS) for constructing 

a stable solution to the inverse problem. 

Section 4 presents and discusses numerical 

results obtained for some typical test 

examples with and without noise included in 

the input data. Finally, Section 5 presents 

conclusions and possible future work. 

 

 

 

 

 

 

 

2. Mathematical formulation 
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Conclusions 

This work uses a regularized MFS to 

investigate the one-dimensional two-phase 

nonlinear inverse Stefan issue. The approach 

has been demonstrated to be accurate, 

consistent, and resilient for both precise and 
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noisy data. Since this study conducts the first 

numerical inquiry to resolve the inverse two-

phase nonlinear Stefan problem, there are 

currently no results to compare our MFS with. 

We point out that an alternative would be to 

use the boundary The problem can be solved 

using the element method, a potent and 

effective numerical boundary discretization 

technique.The MFS established in this study 

will be expanded in future work to multi-

dimensional nonlinear Stefan issues. 
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